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INDENTATIONS OF AN ELASTIC LAYER BY
MOVING PUNCHES

C. Svet

Aerospace Corporation, El Segundo, California

and

L. M. Keer}

The Technological Institute, Northwestern University, Evanston, lllinois

Abstract—A layer in plane strain {or stress) is indented by two frictionless punches of a given profile moving at
a uniform velocity along its surfaces. Symmetry about the midsurface of the laver is preserved and Fourier
transforms are utilized to reduce the problem to the solution of a set of dual integral equations. Standard tech-
niques yield a Fredholm integral equation that is solved numerically for parabolic and wedge punches. Results
for the static case are compared with a photoelastic experiment. An analysis including the effects of prestress
is briefly presented.

INTRODUCTION

THE problems to be considered here involve the steady motion of frictionless indenters
on an elastic layer, and all solutions will be appropriate to plane elasticity. Literature on
the general theory and related problems is extensive. E. Yoffe [1] has investigated the
problem of steady motion of a Griffith crack in an elastic material utilizing the method of
Fourier transforms. Sneddon [2] has formulated related dynamic plane elasticity problems
involving steady motion by using a stress function approach involving functions of complex
variables. Radok [3] has applied the same method independently to solve several problems
including that of a parabolic punch moving on a half-plane. The stress functions that
arise from these analyses are solutions to a biharmonic type of equation.

Sneddon and Berry [4] discuss the two approaches to dynamic elasticity problems, ie.
the complex variable method and the integral transform method. The problem of a moving
pressure pulse on a half-plane and the problem of a moving dislocation are included as
examples for the complex variable method. A variable pressure applied to a half-plane
is considered using integral transform techniques. All motions are with velocities below
the Rayleigh speed. Cole and Huth [5] have considered the problem of a line load moving
at a steady velocity over a half-plane, where all velocity ranges are considered. Ang [6]
discusses the Rayleigh resonance phenomena by solving the transient problem for the
line load moving with a velocity varying as a step function of time. Payton [7] solves the
transient problem of a suddenly applied line load which then moves with a constant
velocity for all ranges of velocity.

Elastic plate problems have also attracted interest since their solutions have many
practical applications. Fourier integral transform techniques were utilized by Morley [8] to
obtain the steady motion solution for an elastic plate with loads traveling along its surfaces.
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Problems involving semi-infinite solids to which moving pressures are applied have
been considered by Eason {9] and Payton [10]. Eason considers the three-dimensional
steady motion of a pressure distributed over a circular or rectangular area on the surface
of the half-space. Payton has investigated the half-space problem for suddenly applied
point force, which then moves with uniform velocity.

Problems involving prestress have been treated by many authors. Books by Biot [11]
and Green and Adkins [12] summarize elasticity theories that include large initial stresses.
Wright [13, 14] has solved certain problems related to the present work based upon
theories developed by Green, Riviin and Shield [15] and Novozhilov [16] indicating that
several different approaches to the initial stress problem are available. For steady-state
dynamic problems, the equations of equilibrium are similar to those obtained for aniso-
tropic elasticity and may be treated as in Green and Zerna [17). Chen [18, 19] has exploited
this approach for transversely isotropic materials. In a prestressed material the critical
speeds change from that of the unstressed state. Buckens [20] has studied the velocity of
Rayleigh waves in a prestressed semi-infinite medium over a wide range of parameters.

The particular problems to be studied here involve the steady motion of rigid indenters
on an elastic strip. Separately considered are the cases of isolated indenters moving on
an unstressed or prestressed strip.

ANALYSIS
Symmetric case
Stress distributions in an isotropic elastic layer are studied. A fixed coordinate system
(x',¥,2) is defined as shown in Fig. 1. The equations of two-dimensional elasticity in
terms of these coordinates are used to formulate the problem {8}, and the equations of
equilibrium are given by

u 0t,, 0o, %

do, 01
2 = =Py 1)

ox’ * 3y o ox' &y

where o, g,, and 7, are the stress components, ¢ is time, p is the mass density, and u, v are
the displacements in the x', y’ directions, respectively. The assumption of small displace-
ments and application of Hooke’s law yield the following stress displacement equations:

_16u+0v+ Ju O___;t@u‘*_@?“ 2@
=AN Ty TR T AN Tay) Ty
(2)
_ 0u+6v
Ty = H oy  ax'|’

where 4 and p are Lamé’s constants and the plate is in plane strain.

y' y
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2d

F16. 1. Coordinate geometry.
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To solve the governing set of equations, two potentials, ® and ¥, are introduced
with the displacements given by

6fl) 6‘!’ . o oY
(3y Ty ax’

where @, P are functions of x’, y" and t. Substituting equation (3) into (1) and (2) leads to

3

u=

o, = AV? ®+2y(§2¢;+~6%) , o, = AVD+2 (ZZ(,I; aizg;) ,
30 Y Y @
B ,u( ox'dy 5\6—2+5}75)
The equations of motion (1) reduce to the two wave equations
Vi = d’°®jor?, IV = 52 /or?, (5)

where

, @

=(A+2w/p, S =ulp, V = st (6)

Rigid indenters are assumed to be moving with constant velocity ¢ along the layer
surfaces in the x* direction. Using the moving coordinate system x, y, z defined as
x = x' —et, y =Y, z =17, 7N

the variable time is eliminated from the analysis. The wave equations become

PR IR ‘I’ &y
ﬂf&?+y -0 S a2t e =0 ®)
where
c? c?
2 - 1~;;, B3 = 1—;%-. 9)

Considering an indentation symmetrical with respect to the y axis, the Fourier
transforms [21]

B(Ey) = j: O(x, yos(Ex) dx, P y) = j " W, ypsin(ex) dx, (10)
a

are introduced, whose inverses are

2 o _ o -
o, = j B, peosEn) e, Wix, y) = ;2[- f B, v)sin(zx) de.
3} 0

The boundary conditions for the problem to be studied are

g, =0, y =10, Ix| > |,
Tey = 0, y =0, -0 < X < 20,
(11)
v = w(x), y=10, Ixl <1,

Ty =0 =0, = —d, -0 < X < 20,
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where w(x) is an even function of x, 2/ is the punch width, and 2d is the layer thickness.
The boundary conditions imply symmetry about the plane y = —d. The solution to the
governing equations is decomposed into a half-plane solution and an undamaged layer
solution, which is
2 5
Ox. ) = Ox )+ [ AO(ER 9+ By Osh(EB e 7 contén) de,
¢
(12)

217 o .
P ) = Wyl )+ f LAE)ch(E o)+ By(Esh(EBay)IE? sin(Ex) de.
0

where
Dy(x, y) i;g 2 f (&) e cos(Ex) dE,
(13)
4
Wil ) = — U ) o singen) de,
nuR J,
and
R=(l +ﬁ§)2‘4ﬁlﬁz- (14)

This solution must satisfy boundary conditions (11). The stress boundary conditions on
v =01lead to

A A B B
= Ay=-—"s A= —o ., By=—-, 15
Bo=ap = iap T BTy, >
where A and B are functions of £. The boundary conditions on y = —d lead to two
simultaneous equations for the determination of A and B, of which the solution 1s
A(E) = 2B,(1 + BINE)AE)/ uRYE), (16)

B(&) = 4B, B,(1 + B2)* WU &Y uRQAC),

where
(&) = (1+B3)* e "9 sh(Ef,d)— 4B, B, e ' sh(¢B,d),
&) = e~ 1 ch(¢f,d)—e ™ ch(&B,d), (17)
Q&) = (14 3)* ch(&B,d) sh(EB,d) - 4B, B> sh(EB,d) ch(Ef,d).

The normal stress and displacement boundary conditions for y = 0 lead to the
following dual integral equations:

[ vmn—kmeosrpar =) 0<p <.
° (18)
f ¥ (r)cos(rp)dr = 0, p >1,
0

where 2 ( /l)
— v B Bz y r
p = x/l, n =yl r= £l Y(r) = Rl ,

h = d/l, k(r) = o(r/y/Qr/1), g(p) = wipl)/L.
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This set of equations is reduced to a single integral equation by selecting a functional
form for y(r) that automatically satisfies the second equation [22]. Such a form is

1
Vi) = L F@)o(rt) dt. (20)

The first integral equation reduces to an Abel integral equation which may be inverted
to give
ml

flp) = -%% : tg(t)(p? — )" Hde+ jo f(K(r,pydr,  O0<p <1, (21)

where

K(r,p) = p f K o(ENTofEp) dE.
0

This is a Fredholm integral equation of the second kind since its kernel is of the Hilbert—
Schmidt type [23].
If a parabolic punch is considered, the function g{p) is given by

Ip?
glp) = 5, 0<p<i, 22)

where a is constant and r is the radius of curvature for the punch. Defining
F0) = TExp) = ) 23)
the integral equation becomes
R = ~oto [ Fip) [ awewneno azar (24)
Numerical solution of this integral equation is postponed until later in the paper, but the

expressions for the stresses and displacements are listed here for completeness. The
stresses are

1-53 '
ﬁl%ax(p, n) = fo Fy(O)[Azxy(n, p, Byo 1) = Ay3¢10n, p, By, 0] dit

" f Fy(6) f AL G(E, 1)~ A5G (& Ml ofE1) cos(ép) dE dr,
4] (4]

Bu(1—B3)

151

1
oy(p.m) = f Fo(O)[Ayses(7, p. B €)= Asier(, ps Br 1)) di

1 x* (25)
+ f Fy(0) j [A3G (& ) — A1 G (& o 0) cos(Ep) dé db,
Q [t]

-
2ue(1+f3)

1
Txy(p9 ’7) = fo Fz(t)[xz(”h Ps ﬁl ’ t)‘xl(’?a Ps ,82’ t)] dt

1 o
+ f Fy(6) f [GolE, 1) — Gal&, M olEt) sin(Ep) dE dr.
(4] [¢]
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The displacements are

( i o
B1=F3) BZ u(p, ) = f Fa0) [ 166 m~ 41616 )+ 4Gt )
0 0

x &1 o(&r) sin(Ep) d¢ dt,

ﬂz) ! m 26)
o) = [ Fi0) [ (6ol m— 4:GuE )+ AsGa(em]
0 0
x &7 1 o(&t) cos(ép) dE dt
where
Ay =48, A= (1+DU+2B1-p), Ay = (1+p3)%
A, =2, Ag = (14 2), Ay = 28,8, Ao = (14 B3,
G1(&n) = [A(8) ch(&B1n) + (&) sh(EB1n)]/QAE)
G,(&,n) = [4;0(8) ch(EBn) + (&) sh(EB,m)1/QE), o
G3(S,m) = [A (&) sh(E 1)+ w(&) ch(EB1m)]/QE),
Ga(&, 1) = [A30&) sh(EBym) + (&) ch(EB,m]1/Q(&),
Gs(&,n) = Ay e*fn— A, e, Gelé,n) = A, e — 4P,
(&) = e~ ch(EpLh) —e ™t ch(Ep, h).
and
) (1, p, B 1) = X Ty e, g0y = (ffiya) sgn(p), (28)
where
J2X) = [ A2 +n2 B —p2 +4n* B2p? + 2 + 12 B2 — p? T
. (29)

JAY) = [\/(t2+'72ﬁ2_PZ)Z+4’12/321)2—IZ—772[324—/)2}2,

forp <0,t>0,5>0.

Since the displacements (26) are finite for the layer, a relative approach term can be
established. This constant, which was lost by differentiation, can be recovered by direct
evaluation of v at a point, say p = n = 0. The vertical displacement under the parabolic
punch is from the first equation (13):

w0,0) = a = f ) P 1) [1 — k(r)] dr. (30)

[¢]

Using (20) and (23) and by assuming (see equation (63))

Fy(p) = n1p +x3p> +25p°, (31)
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the relative approach becomes

aja = fw E7M L —K(E/M] ey + 23 +3s) (1/E) T 1 (E/h)
0

(32)
— (223 +45) (WY T o &/ M) + 8 s(h/E) T 5(E /)] AE,

which can be evaluated.
The total resultant load under the punch may also be found by integrating the normal
stress over the surface and then substituting the polynomial for F,. The resultant load is
P zR t

pal B 1(&% -1 Jo

After substituting (31) into (33) and integrating, the result is

Fy(t) dt. (33)

”Ii_ nR (
pad  2B(B3—1)

A nondimensional effective stiffness may be defined to provide a measure of the response
of the layer as

w32 +55/3). (34)

K = (P/uaD)/(a/a) = P/ual. 35)

Numerical values for K are included later.
To obtain the static results, the limit as the velocity approaches zero is taken. This
leads to results which are contained in [24].

Antisymmetric case

If the deformation is assumed to be antisymmetric about the y axis (symmetry is still
assumed about the plane y = —d), the appropriate transforms are

o = |

Q

je e

O(x, y)sin(éx)dx, P, y) = qul(x, y) cos(¢éx) dx. (36)
(4]

The integral equations are the same as for the symmetric case with cos(&p) replaced by
sin(ép). By choosing

¢@)=ifAﬂ&%@ﬂda (37)
0
they reduce to

_2d g t *
fmy-;@(ﬂ;j?gm+gﬁfmﬁ)a&&m&mua&dn (38)

The profile of the punch is assumed to be that of a wedge, or

glp) = ap/l = ap/2,  |pl <1, (39)

where a/2 is the angle of inclination of the punch profile, and the integral equation becomes

1 oo
Fyp) = —p+p fo FZ(")L Ck(EM o(Er ofEp) dE dr, (40)
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where F,(p) = — f(p)/a. This equation is identical to (24), indicating that the antisymmetric
and the symmetric problems are reduced to the solution of the same integral equation.
However, the displacements and stresses are, of course, not the same. The antisymmetric
case contains stress singularities at p = + 1, being equal and of opposite signs. Using the
expression
pi(1—p3) : " o
o,(p. 0" "2 = | Fy0) | &o(énsinép)deds, ol < 1 (41)
pRo 0 0

for the normal stress under the punch, the singularities can be isolated and the expression
becomes

Bi(1—p3) pF,(1) d Jl 3
(p, Oy~ — "L = c+— | (P —pHig(nde. 42
a,(p. 0) Ry (—p Tap) (t*—p%)*q(1) (42)
where tg(t) = F,(t} and |p| < 1.
Since R is negative, the stress is tensile for p = 1 and compressive for p = — 1. To

cancel the tensile stress singularity and provide a determinate result, the solution for a
flat punch is superposed in such a way as to have zero normal stress at p = |, which is
the leading edge of the punch. For a flat punch the deflection is constant and the dual
integral equations are reduced by considering

1
W(E) = ATo(E)— f FleMo(20) de. 43)
0

which satisfies the second equation automatically. The first integral equation reduces to

fip) = —Apf(; Edo(E0N o EIK(E) dé+pf 1) f ool oEnk@dedr,  0<p <1,

0

(44)
To determine the constant A, the normal stress for y = 0 is calculated and the require-
ment that the singularities cancel at p = 1 leads to

A = aF,(1). (45)

The integral equation (44) can now be solved using this relation for A.
Superposition of the two problems leads to the following expressions for the stresses
and displacements :

_p2
P ) = DA, . B 1= At s, 1)
—f CALLE (0530, 0, Br 0+ Fx(Oa(n, pu By )]
0
—A1[F1(l)%1(71, p’ BZ’ t)+ Fz(t)X1('7, ,0, 327 t)]} dt (46)

+Ey(1) f * 14,6 1) — A5G (& 1T of&) cos(Ep) dé
(4]

1 K0
+ j f L4, (1) — AL G (& m] [F1(6) cos(Ep) + Fa0)E sin(ép)]
0 0

x Jo(ét) dE dt,
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1— 2
%@ay<p, 0 = B[ Assln, o B D)= Ay, po By 1)]

+ Jl) {A3[F1(t)x1(r], o, By, )+ F(Ox (0, p, ,31 s f)]

_Al[Fl(t)xl("’ p’ IBZ’ t)+F2(t)X1('77 p’ ﬂl» t)]} dt

+Fy(1) f A5G (& ) — A1GlE o &) cos(p) dé

0

1 oS

+ f [4,G (& ) — A3 G (&, m][F(1) cos(Ep) + F(0)E sin(Zp)]
0 0

< Jo(t) de di,

(1-p2)

mfxy(l’» n = F>()[x,(n, p, B1, 1) =321, p, B2, D]
2

1
+ fo {Fl(t) [XZ(W’ P, ﬁz’ f)_"z(’?’ /)? ,Bl ’ t)] _FZ(I)XZ(V” Pa BZ’ [)

803

(47)

(48)

e oo B O] di 4 Fy(1) f [Galé, )~ Go(& MJol&) sin(Ep) dé
0

1 o
+j f [G(& 1) — Gal&, MILF4{0) sin(Ep) — Fyl1)E cos(Ep)]
0 0

x Jo(&) d& dt,

(1-53 " - i
BB m) = ) [ 1646 1= 4106116 1)+ A,Galeme ™96 siniep)

o

1 o
- f fo [Go(En)— A10G (& 1)+ AoG(é, )]

x [Fi(1)sin(&p) = Fo(0)E cos(Ep))E™ 1T o(Er) dE dr,

1_ 2 o
S o) = B [ 166 m= 4,6+ 4G )
1 o
X £ 1T (&) cos(Ep) dE — f f [GelE, 1) = Ay GalE, 1)+ AyGolE. )]
0 0
x [F4(1) cos(Ep)+ F5(0)E sin(Ep)E~ 1 o(¢r) dé dr,
where

—lpl(X*=3XY*)—ppRX’Y-Y?)
(X3"3XY2)2+(3X2Y— Y3)2 Sgn(P),
—nB(X° =3XY*)+|pl3X2Y—Y?)
(X°—3XY2?+(3X2Y - V3)?

Xl(r” ,0, ﬁ’ t) = [

x20n, p, B, 1) =

forn <0,t>0,8>0.

(49)

(50)

(51
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The relative approach for the wedge problem is found by considering the normal
displacement for p = = 0, which is
©(0,0) = w. (52)
Introducing (see equation (67))
Fip) = Cip+Cyp*+Csp’, (53)

the relative approach becomes

wial = J U —KENTFADI &)+ (Cy + Cy + C)(hEM (/)
0

, . (54)
—(RC3+4C)(h/EVT &/ +8C5(/E) I 4(E/h)] dE.
The resultant normal load is given by
P R [Fm lemd] 55
—_— = — t )
wil ~ pup—n| 0T, O 33
which becomes
P R i+ C 2R
HIXI - 2[{[(1;/35) 1+ 3/‘"+ 5/ T = 2( )]’ (56)
and the dimensionless ratio is
P\ fal P
(20
uolf \w HW
For the wedge problem a moment resultant may be calculated by using
!
M = f xo,(x,0)dx. (58)
-1
This expression leads to
M~ R +x3 +z5 59)
pal = 25— p\ T2 ) ‘
and if 6 = a/l = /2 is the angle of the wedge
M 7R Xy Hs
Ky = = i PPRNRAC N 60
M7 T api ~ﬁ§)(’“ 2ty (60)

NUMERICAL RESULTS

Solution of Fredholm integral equation

In order to obtain numerical values for the displacements and stresses the governing
integral equations must be solved. Consider first the problem of parabolic punches moving
across an unstressed layer and rewrite equation (24) as

B(p)+ hip) = f 0(r)K(p, r)dr, O0<p<l, (61)
o
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where

1
8o = Fa(p)+p.  hip) = fo rK(p, ) dr,

and
Kip,r) = p f EKET o e olEp) dE.
0

This integral equation may be solved either asymptotically by expanding in powers of 1/h
for h = d/l » 1 or numerically by representing the integral equation as a finite set of
simultaneous algebraic equations in the form

N
0(p;) + hip;) = Z (px— Pi- DK (p;, 1)0(ry), i=12...,N (62)
k=1

The set of N equations can be solved and the function 6(p) determined at discrete points.
In this case it is possible to represent F,(p) as a polynomial of the form

Fy(p) = %1 p+x3p> +25p°. (63)

Table 1 contains values for the coefficients of F,(p) for various choices of ¢/c, and h. A
value of 0-3 is chosen for Poisson’s ratio. To indicate the behavior of the solution for
increasing velocity, Fig. 2 is included. It is observed that for stow velocities the solution
to the integral equation is essentially equal to the half-plane solution provided the layer is
not too thin. However, the stresses do not exhibit this behavior and are more sensitive to
the layer thickness. The stresses approach the half-plane solution for relatively thick
layers, i.e. h > 10.

Computation of stresses

With the solution to the integral equation available, expressions for the stresses may
be evaluated by numerical integration. Simpson’s one-third rule is utilized to convert the
integrals into summations and convergence is accomplished by using several test cases
and comparing results. To increase the speed of convergence, the expressions are decom-
posed into a half-plane part and a layer part and the infinite integrals in the half-plane are
evaluated analytically. The stresses are combined to provide the maximum shear siress
and contour plots are developed so that comparisons may be made with photoelastic

TABLE 1. F; FOR v = 03

c/c, h %, %3 *s

02 1 —1-5505 2-5609E-1 —47679E-2
0-5 1 -17123 3-7258E-1 —7-3941E-2
0-8 1 —27587 1-2692 —29127E1
02 4 —1-0342 1-6487E-3 —~46713E-5
05 4 — 10440 2-5704E-3 —8-2070E-5
08 4 —-1-1043 1-1204E-2 —57218E-4
02 10 —1-0054 4-3317E-5 —3-5063E-7
05 10 —1-0070 6-7788E-5 - 56223E-7

0-8 10 —1-0162 2:9057E-4 —86676E-7
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_zor_ — s [ ——e I —
-1.5¢
F, (p)
27 Lo
-0.5 Half Plane
1 J
° 05 10
P
FIG. 2. Integral equation solution for parabolic punch for h = [ and ¢/¢, = 02,0-5,08.

results. Points of maximum shear stress are easily located by examining the results and
the dependence upon the velocity of the punches and thickness of the layer is readily
established.

Isochromatic lines for the parabolic punch problem are shown in Fig. 3 for the half-
plane and in Fig. 4 for h = 4. The dynamic solution appears to be very close to the static
solution until the velocity ratio exceeds 0-5 and approaches the Rayleigh wave velocity,
which is 0:9274¢, for v = 0-3. At this velocity a resonance phenomenon occurs and the
steady velocity solution no longer exists. The authors note that for the half-plane the
normal stress becomes zero, and as the velocity increases the normal stress becomes
tension ; it appears that no physically reasonable steady solution exists for the contact

T —
_/ —

) e

|

F16. 3. Parabolic punch isochromatics (10t/ua) for half-plane and ¢/c, = 02,05, 0-8.
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kv — F—y — DR

H

B R

F1G. 4. Parabolic punch isochromatics (10t/ua) for h = 4 and ¢/c, = 02, 0-5,0-8.

problem for ¢, < ¢ < ¢,, where ¢, is the Rayleigh wave speed [25], [26]. For velocities
greater than that of shear waves, one or both of the governing equations becomes hyper-
bolic and the nature of the solution changes.

Wedge problem
The wedge problem is composed of two; they are an antisymmetric and a flat punch
solution suitably superposed to give zero stress at the leading edge, p = 1. This scheme
leads to integral equations (40) and (44) which may be rewritten as
1

Fylp)+ hy(p) = f FiPK(p.dr.  0<p <1, (64)

[0
1

0(p) + hy(p) = f 0OK(p.r)dr,  0<p <1, (65)
0

where

1
h(p) = BOK@p,r,  hip) = f rK(p, 1) dr,
(4]

, (66)
K(p,r)=p f S(EW o(Er)o(Ep)dE, and  O(p) = Fy(p)+p.
0]
The solution F,(p) is available in Table 1, and the integral equation for F, is solved in the
same manner with results in Table 2, where
Fl(p) = C1p+C3p3+C5p5, 0 < P < 1. (67)

Proceeding as in the previous case, the expressions for the stresses are decomposed
into half-plane and layer portions to increase convergence and are then evaluated numeri-
cally. As before, the infinite half-plane integrals can be found in closed form leaving only
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TABLE 2. F; FOR v = ()3

¢/es h c, C, Cs

02 1 20133 —13227 3-5891E-1
05 1 2-8839 —~21966 6-5521E-1
08 1 10-820 —12:40 47461

02 4 7-2280E-2 —~3-6025E-3 10421E-4
05 4 9-4364E-2 ~57344E-3 1-9454E-4
038 4 2-4109E-1 —27265E-2 1-4545E-3
02 10 1-0960E-2 —87597E-5 4-1958E-7
05 10 1-4103E-2 ~1-3753E-4 77632E-7
08 10 33167E-2 — 6:0450E-4 54527E-6

the rapidly convergent layer integrals for numerical evaluation. Figures 5 and 6 illustrate
the isochromatics for h = 4. The results are asymmetric about the y axis due to the super-
position of the two cases. A singular stress exists at p = — 1, which is the trailing edge of
the punch so the fringes become dense as this point is approached.

To include the effects of prestress the equations from the Appendix are used. The
determination of v, and v, is accomplished by solving a quadratic equation (75) for given
isotropic material properties, prestress, and punch velocity. The solutions to the integral
equations for the two cases may be developed with the roots of the quadratic now avail-
able. The weighting function k(&) = w(&)/CQ(¢) has to be redefined using (81). To indicate
the effect of prestress on the integral equation solution F,(p), Fig. 7 is included for ¢/c, = 0-8
and h = 1. The solution for the integral equation approaches the half-plane solution for
Increasing prestress.

Isochromatics for the prestressed cases may be developed using the solutions to the
integral equations and numerical integration of the expressions derived in the Appendix.
Figure 8 indicates the behavior of the isochromatics for h = 4, P/u = 0-4, and a = O-1.
Comparing these curves with the unstressed case shows that prestress alters the results in
several ways. The values of the fringes are increased since a uniform stress is added to o,.

L—+—L—.+

F1G. 5. Wedge punch isochromatics (t/ua) for h = 4 and ¢/c, = 0-5.
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e s

F1G. 6. Wedge punch isochromatics {t/ux) for # = 4 and ¢/c, = 08

The other terms in the equations tend to change the shape of the curves, but one of the
major effects of prestress is to increase the Rayleigh wave speed. This means that the
velocity at which resonance occurs must be increased. Buckens [20] has discussed this
problem,

Expressions were developed to obtain the relative approach term for the unstressed
case, and thereby the solution is complete. Curves are computed for K to illustrate the
response for various values of layer thickness and punch velocity. Figure 9 gives results
for the parabolic punch problem for v = 0-3 and no prestress. Increasing the layer thick-
ness or punch velocity decreases the stiffness of the layer. For a half-plane or a punch
moving at the velocity of Rayleigh waves, K = 0, which means the effective resistance to
the load has disappeared.

-2.0

-0.5 Half Plane

0.5 1.0
P

Fic. 7. Integral equation solution for parabolic punch for h = 1, ¢je, = 0.8 and P/u = 0-0, 0-4.
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T

2.2 2.1

2.1

- J

Fi¢. 8. Parabolic punch isochromatics (10t/u) for h = 4, P/u = 04, o = O-1, and c/c, = 0-2,0-8.

To obtain a qualitative verification of the resuits a photoelastic experiment was con-
ducted for the static case. Isochromatics were obtained and are shown in Figs. 10 and 11
for the case of parabolic punches indenting a layer which was unstressed in the first case
and prestressed with o, /ux = 0-552 in the second case. The same isochromatics were
computed using the theoretical expressions for v = 0-465, 4 = 151 psi, h = 7-5,and « = 5,

i

0 05 10
C/c,

FiG. 9. Effective stiffness vs. veloeity for parabolic punch case.




FiG. 10. Theoretical and experimental results for parabolic punch isochromatics

fucing p. 810



FiG. 11. Theoretical and experimental results for parabolic punch isochromatics inchuding
prestre




Indentations of an elastic layer by moving punches 81t

and have been superposed on the figures to indicate the degree of agreement. The half-
plane results were also computed for this case and it was found that the layer solution
increased the fringe order by approximately one. Near the center of the layer (y = —d),
however, the fringe pattern, as well as the order, was altered as can be seen in Figs. 3 and 4
for a similar case. Additional computations were made for various values of h and it was
concluded that for h > 10, the stress distribution could be adequately predicted with a
half-plane solution.

SUMMARY

Several problems appropriate to the geometry of a layer have been studied. For
indentation problems, dual integral equations arise which may be solved by analytical,
numerical or asymptotic methods, depending upon the final results desired and the relative
difficulty involved. The examples studied utilize a numerical method for the solution of
the integral equation since the final results were to be the isochromatics in the interior of
the layer. The expressions for these stresses contain integrals that had to be computed
numerically so an asymptotic scheme would not be especially helpful.

Examination of the figures indicates that the solution is approximately given by the
static solution until ¢ > 0-5¢,. The thickness of the layer influences the solution to the
integral equations, e.g. when d < 4/, otherwise the half-plane solution is sufficient, ap-
proximately. However, the stress distribution within the layer is more sensitive to the
layer thickness since the half-plane solution is approximately valid only when d > 10l
The response in a global sense may be obtained from Fig. 9. The curves are flat for ¢ < 0-5¢,
but are rapidly changing in the region 0-5¢, < ¢ < ¢, as the resonance point is approached.
Also, as the layer thickness decreases, K increases and in the limit becomes infinite.

The authors note that in a recent paper, Wang, [27] has solved similar dual integral
equations that possess a different weight function. In his solution method the dual integral
equations are reduced to a Fredholm integral equation of the first kind, rather than of
the second kind as in the present development.
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APPENDIX. INDENTATIONS OF A PRESTRESSED LAYER

Symmetric case
The equilibrium equations in terms of incremental stresses s, s, Sy, are [11]

o 2 A 2

B (s s)i < plt

ax' o ay dy ot
(68)

'\ )

0sy, 08y ow e

Y (s, —5)0Y = pt L,
ax Tay TSTSGg = 0y

where u and v are displacements in the x" and y’ directions, respectively, and « denotes
the rotation,

>
2= 0 (69)

ox' ay'

The prestress terms S, and S, act along the x’ and y’ axes, respectively. Assuming the layer
is prestressed only in the x’ direction, S, = 0 and S, = P. The material is chosen to be
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orthotropic and the incremental displacements are assumed small leading to the linear
relations

Ju v
Sy = Byiex+Bye, = 3115;4“3127,
u av
Sy = leex+Bney = BZIB*;+3225?, (70)

v du
5y = 2Q0e,, = Q(é;+5)7)

The existence of a strain energy function implies the following relationship between the
material constants:
BII_BIZ == Sx-Sy = P (71)

For uniform motion with velocity ¢ along the x' axis, the steady motion transforma-
tion x = x'—ct,y =y, z = 2, is used to eliminate time from the equations.
The potential @(x, y) is introduced [18], with the displacements defined by

u:zqe —ka(p

VTR (12)

where k is a constant. Substituting equation (72) into the governing equations leads to

B, ~pc? o 0F
> 11— pc P g?*”"é—?:(),
» S (73)
o — 2 [—
(Q+2 pc )k+le+Q 3 52(p+(72(/)_0
kB,, ox? oyt

For equation (73) to have a nontrivial solution they must be identical, which gives a
relation in terms of a constant v,

P
2 Q+——pc2 k+BZl+Qh—g
Bi{—pc 2 2
TP P\ = kB 4
Q—;+4BU+Q+;) *
Eliminating &, equation (74) may be rewritten as
P P P P\?
Vszz(Q—E) “V[Bzz(Bu *PCZH*(QJFE—PCZ) (Q"z) —(sz+Q+§) :l
p 2 2
+ Q+§—pc (Biy—pc’)=0. (75)

Equation (75) contains two roots v, and v, which are assumed to be unequal and to
have positive real parts (see [18] and [19]). For each root there is a corresponding value
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of k given by equation (74) and they are designated &k, and k,. Such a designation leads to
two potential functions ¢, and ¢,, with the displacements becoming

% ¢
:%gﬁ%&, o=k ‘("zl kz‘-f’%%. (76)

As in the previous case, the solution for the layer is decomposed into a half-plane solution
and a portion for the undamaged layer.
The boundary conditions are

s, = 0, x| > 1, v =0,
Syy—Pe,, =0, - < x < W, y =20,

r = w{x) Ix| < I, y =0, (77)
Sy~ Pe,, =0, - < X < 20, y = —d,

v =0, - < X < o, y = —d.

It follows that the solution has the form

2 (" — —
Q(x, y) = @p(x, }’)*‘%J~ (4,8 Ch(fv/"IYH‘B](é) Sh(év/"1Y)]572 cos(éx) d¢,
0

(78)
0205 = 0anx 0+ [ TAEDIE w20) B shiEy e~ cos(ex) di
Substituting equations (78) into the stress boundary conditions for y = 0 leads to
B B B —B

e P 2= PN
FaY (]+k ) 7(1+k )

AVARS' 1 2 (79)
A —A

DT Bk =B -P T Bk~ B, P
where A and B are
AE) = v va(1+k (1 + k) (Byykyvy — By, —P)
X (Byokyvy — Byy — P)dE(E)/ RQA(E), (80)

B(E) = /vyl + k) (1 + K)o EV(E)ROUE),

and
R = /vy(1+k;)(Byskyv, -B,z——P) Vil +k ) (Bykyvy, — By, —P),
a(&) = e M ch(E/vyd)—e ™ ch(E\ /v, d),
&) = /vl +k)(Byskyvy —Byy—P)e™ 14 sh(E/vyd)
vi(1+k,)(Byskyvs— By, —PYe SV sh(E /v d),
Q&) = /vo(1 +k)(Baskyvy — By, — PYsh(Ey/vyd) ch(éy/v,d)
— Vi1 +k)(Byskyv, — By, — PYysh(&y/v,d) ch(&/v,d).

(81)
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To satisfy the displacement condition on y = 0 and the requirement of vanishing normal
stress for {x] > I, dual integral equations arise which become identical to equation (24)

except for k(&) = w(&)/Q(&), which is defined as above.

This Fredholm integral equation of the second kind may be solved using numerical
or iterative methods. F,(p) may be represented by a polynomial and the stresses may be

obtained by evaluating the following expressions:

o, =S,+P,

Tyy = Sxy+Pw,

which lead to

vV vivalk, _k1)0
a X

1
(o) = f Fy()[Ask o1, po /71 )= Aureyn, py /72, 0] dt
0

+ f F>(0) f [44G3(E 1) — 4261 (& o)
0

0

P
x cos(Ep)dEdi+y/vyvalk, ki),

/ k,—k t
R vazfx : I)Uy(P’ n) = fo F(0)[A (0, p, /2, 1) — Ages(n, p, \/V_u t)dt
1 a0
4 f Fy(1) f [43G (& 1) — A1 G (& o) cos(Ep) dé dt,
0 0
(k;

P 1
03] U+k)1+k) [ Fa0Bestr . /r100

—— )=
1

gl o2y O] i+ P f Fy(0)[Agital, /o7 0)
0

1 [’}
— Ay, oo/, )] dt+ fo Fz(tj [4,Ga&n)

0

— AeG,(E, M]J o(Er) sin(ép) dE dt.

The displacements are

1 o0
sty —kyu(p, n)a = f Pt f [Go(&, n)— A10G(&, 1)
0 0
+ Ay G & mIE™ U o(Er) sin(Ep) dE dr,
(k —ky)olp, ) = f F(t) f " [G el )= A,G4(Em)
0 0

+AgG3(&, m]E™ U o(&t) cos(Ep) dE dt,

(82)

(83)

(84)
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where
Ay = \/"7(1 +k1)(Byskyv, — By, —P),
Ay = Jvy(1+ky) (B —Byokyvy),

As = /v,(1 +k;)(By kv, — By, — P),

Ay = Jvi(1+k)(By, — B, k,v,), (85)
As = (1+k)[Q+k,(Q+ P), Ag = (1 +k)Q+k,(Q+ P)],

A5 = k(1 +k,), Ag = ki(1+k,),

Ao = /(1 +ky), Ao = vl +ky).

and the deﬁnmons for the functions G, are given by equations (27) with #, and §3, replaced
by / v and L, vz, respectively.
For the case of zero prestress and isotropic material properties,
L= B, v, = B3, ky =1, ky, = 1/f3, (86)
which leads to
Ay = 4B Ay = (L +B3)(1+ 241 = p3)/Ba.
Ay = p(0+ B3V /B2y As=4Bi A5 = Ag = 2u(1 + p3)/B3.
A7 =2/p3. Ay =(1+p3)p3.
Ay =28, Ao = (1+3)/B,.

The wedge punch case including prestress presents no new difficulties and is not investigated
here.

(87)
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A6cTpakt—PaccMmaTpuBaercs 3aada Clos B IUIOCKON JeOpMaLuUy MIIH HATIPSOKEHHSAX |, OABEPrarolLero
npoTskke Oe3 TpeHust MEXAY OBYMs LITaMnamu 3aganuoro npoduns. Cnoit aBUXKETCS ¢ MOCTOAHHOM
CKOPOCTBIO BAOJb IOBepXHOCTEHN wTaMnos. CoXpaHAETCA CHMMETPHSA BOKPYsl CEPEAHWHHON MOBEPXHOCTH
cnos. Ucnons3yroresa Tpanchopmauun Gypre 0s CBEIEHMs 324241 K PELICHUIO CUCTEMBI HapPHBIX UHTErpa-
BHBIX ypasHeHuit. CTanaapTHON MeTO AaaeT UHTErpaibHoe ypaBHeHHe Ppenroibma, petiaemoe YUCIeHHO
1715 TapaboarMIecKoro ¥ KIMHO-00pa3Horo wramMnoB. CPaBHUBAOTCA CTATHYECKHE Pe3YabTaThi ¢ GoToynp-
yruM 3kcrepuMentoM. IlpeacTaBnsieTcss KpaTko aHanu3, yuyurbiBalomuii 3d@dekT npeaBapHTENBLHBIX
HanpsHKeHnit.



